Do experiments based on superconducting loops segmented with Josephson junctions (e.g., flux qubits) show macroscopic quantum behavior in the sense of Schrödinger's cat example? Various arguments based on microscopic and phenomenological models were recently adduced in this debate. We approach this problem by adapting -to flux qubits-the framework of large-scale quantum coherence, which was already successfully applied to spin ensembles and photonic systems. We show that contemporary experiments might show quantum coherence more than one hundred times larger than experiments in the classical regime. However, we argue that the often used demonstration of an avoided crossing in the energy spectrum is not sufficient to conclude about the presence of large-scale quantum coherence. Alternative, rigorous witnesses are proposed.
I. INTRODUCTION
The experimental demonstration of a massive object in a superposition of two well separated positions is generally considered as a positive test of quantum mechanics on large scales. Typical examples are interference of large molecules or proposed experiments with levitating nanospheres [1] . These situations are often compared to Schrödinger's thought experiment of a cat in a superposition of dead and alive [2] .
It was argued that superconducting quantum interference devices (SQUIDs), that is, superconducting loops segmented with Josephson junctions, can exhibit a similar characteristic [3, 4] . In certain parameter regimes, the magnetic flux through the loop can be seen as an appropriate analog to the position of a massive object, where the capacitance of the circuit plays the role of the mass (see Fig. 1 ). The nonlinearity of the Josephson junction can lead to an effective double-well potential, in which the minima of the wells correspond to well separated (i.e., "macroscopically distinct") flux states.
There has been a debate about the precise implications of successfully demonstrating a coherent superposition between the two wells [4] [5] [6] [7] [8] [9] [10] . On the one hand, it was argued that recent experiments [11] [12] [13] operate in the 100 nA or µA regime implying the presence of up to 10 9 electrons. This, together with the experimental evidence of "macroscopic coherence", should be seen as a genuine "macroscopic quantum effect" [4] . On the other hand, arguments based on microscopic modeling suggest that effectively at most a few thousand electrons make the difference between the two states localized in each well [5, 6] (see [7] for a critique of this argument). Further contributions also assign an "effective size", that is, a number that should, for example, reflect the number of electrons that effectively participate in the observed quantum effect [8] [9] [10] (see also table I). While the differences in the precise frameworks of [4] [5] [6] [7] [8] [9] [10] are expected to lead to some deviation in the obtained results, it is astonishing by how much they vary. We find effective sizes ranging from two [9] to 10 10 [4] . In addition, none of the theory papers present a conclusive, testable witness for their claim.
In this paper, we argue that one important aspect of the large-scale quantum nature of these experiments is the amount and the spread of quantum coherence in the flux coordinate since it is a direct test of the superposition principle. As already successfully done for spins and photons [15] [16] [17] , we rescale the coherence of the target state by the coherence of a classical reference state (i.e., the state confined in a single well). In this way, we introduce an "effective size" that quantifies the scale of the quantum effect. The advantage of this approach is the (a) (b) Figure 1 . (a) Schematics of a superposition in the flux coordinate φ in both wells (thick: probability distribution; thin: potential). Experiments witnessing coherence between the two wells are sometimes considered to resemble a Schrödinger-cat situation if the inter-well distance and the system size (e.g., number of participating electrons) are large. (b) Most basic schematics of a superconducting ring with a single Josephson junction (cross; see also Sec. III). In a certain parameter regime the magnetic flux φ through the ring is an appropriate choice for the relevant degree of freedom [4, 11, 12, 14] . The SQUID is then called flux qubit. The external flux φx controls the effective potential for φ. In practice, the single Josephson junction is replaced by several junctions for an in situ control of some experimental parameters [11] [12] [13] .
applicability to experimental data. After a short review of the motivation and the theory of the framework in Sec. II, the phenomenological model of the flux qubit experiments is presented in Sec. III. Identifying the flux as a relevant observable, we show that indeed the ideally generated target states show large quantum coherence. With the parameters from experiment [11] , we find that the quantum coherence of the target states in flux basis is almost two hundred times larger than of a classical reference state (i.e., the ground state of a single potential well). Ideal cat states could even reach numbers 1000 times larger than that of the reference state.
The experimental proof for the generation of the eigenstates was argued to be the avoided crossing in the energy spectrum when tuning the imbalance of the two well minima. In Sec. V, we show that this evidence is not sufficient to conclude the presence of large-scale quantum coherence. We do so by presenting a simple dephasing model in the flux basis that leads to a drastic reduction of the quantum coherence (to the level of the classical reference state) while keeping the feature of the avoided crossing.
The framework of large-scale quantum coherence provides testable witnesses, which often turn out to be feasible in practice [18] . In Sec. V B, we discuss the possibility of lower-bounding large quantum coherence by witnessing a strong response of the system to flux dephasing. The paper is summarized and discussed in Sec. VI.
II. FRAMEWORK OF LARGE QUANTUM COHERENCE
One of the simplest and most fundamental questions in quantum mechanics is the validity of the superposition principle on all scales. There exist several alternative models that, for example, prevent a persistent superposition of two significantly distinct positions for massive particles [19] . Given an observable X with a natural macroscopic limit (such as position or magnetization), quantum coherence between two far-distant parts of the spectrum arguably challenges our classical intuition more than quantum coherence constraint to a small (microscopic) regime [2] .
For pure states, a superposition between far-distant spectral parts of X implies that the wave function has a large spread. The simplest way to measure the spread of a state |ψ is the variance var ψ (X). For mixed states, the variance is no longer a faithful measure of coherence since it does not distinguish between coherent superposition and incoherent mixture. The convex roof construction is a well-known technique to overcome the shortcomings of the variance. Given a mixed state ρ, one considers the infinite set of all pure state decompositions (PSD) ρ = i p i |ψ i ψ i | and minimizes the average variance
Since the incoherent part is eliminated with the convex roof construction, we call I(ρ, X) the quantum coherence of ρ in the spectrum X. Measuring a certain value of I experimentally falsifies all collapse models that forbid the superposition principle to be valid on the order of √ I. Notably, 4I is the so-called quantum Fisher information [20] [21] [22] . This implies that large quantum coherence is necessary to reach high sensitivity in parameter estimation protocols where X is the generator of the parameter shift. The intuitive motivation to choose the convex roof of the variance is made more rigorous in a recent resource theory of "macroscopic coherence" [23] .
It arguably makes sense to compare I(ρ, X) to a reference state |ψ ref , which behaves "maximally" classically among all pure quantum states. Like the choice for the observable X, identifying |ψ ref is physically motivated and hence situation-dependent. Nevertheless it brings some conceptual advantages, as we can avoid unwanted dependencies on scaling factors of X. Furthermore, it helps to compare systems with various numbers of modes or particles. One defines
which tells us how much larger the quantum coherence of ρ is compared to that of the reference state.
The observable X and the reference state have to be physically motivated. Let us consider two examples [15, 16] . Quadrature operators X = e iθ a + e −iθ a † for phase space states (sums of quadrature operators for many modes) and collective spin operators X = N i=1 σ (i) proved to be reasonable choices. The reference states are the coherent state in phase space and the spin-coherent state (i.e., parallel spins in a product state) in spin ensembles, respectively. It was shown that I rel (ρ, X) can then be interpreted as an effective size as it is connected to the number of microscopic entities (photons or spins) that effectively contribute to the largescale quantum effect [24] . Generally, let us consider a classical reference state composed of uncorrelated microscopic constituents ("particles") and an additive observable with a macroscopic limit. Then the variance is linear in the number of particles N , that is, var(X) = N var(x 0 ), where x 0 is the corresponding one-particle operator and var is the average variance per particle. Then, the effective size I rel (ρ, X) gives the spread of the quantum coherence per particle and per microscopic unit, which justifies the use of the variance rather than, for example, the square root of it.
III. SHORT SUMMARY OF SQUID PHYSICS
In the discussion on whether experiments with superconducting devices show aspects of a Schrödinger-cat state, some approaches [5, 6, 9] work with a microscopic model. This leads to discussions about details like the The difference between the two minima for Φx = 0.499Φ0 is artificially increased for a clearer distinction between the two cases. Top: absolute square of the wave functions of the target states |0 and |1 at Φx = 0.499Φ0 in the experiment of Ref. [11] , shifted by the respective eigenenergy. The confinement of each in a single well is clearly visible. Bottom: The same at Φx = 0.5Φ0. The wave functions are both spread over both wells. (b) Energies of the target states as a function of Φx (solid lines). The avoid crossing at Φx = 0.5Φ0 is clearly visible. The dashed lines are the energies of the target states after dephasing as described in Eq. (7) with Γ = /(Cω). The energies are shifted, but the avoided crossing is still present. The inset shows the energy of the ground state before (solid) and after (dashed) dephasing with the same Γ.
proper choice of the "microscopic unit" or of characteristic quantities [7] . In the presented approach based on quantum coherence I, it is more natural to work with a phenomenological model of a single degree of freedom, the total flux Φ and the charge Q as the conjugate variable (i.e., [Φ, Q] = i ). To discuss a specific example, let us consider the SQUID experiment of Friedman et al. [11] .
The effective potential depends on the the inductance L and the critical current I c . In addition, it is controlled by an external flux Φ x (see Fig. 1 (b) ). This results in a quadratic part with inductive energy E L = Φ 2 0 /(2L) and in a nonlinear part from the junction with Josephson coupling energy E J = I c Φ 0 /(2π) (Φ 0 is the magnetic flux quantum), that is,
The Hamiltonian is completed by the "kinetic" energy 1 2C Q 2 where C is the capacitance. For later, we introduce the charging energy E C = e 2 /(2C) and the angular frequency of the hypothetical LC circuit, ω = 1/ √ LC. The experimental parameters given in Ref. [11] are E C = 188 MHz, E L = 13 THz and E J = 159 GHz. In the following we use these numbers when it comes to numeric calculations, but we generally assume E J , E L E C . Depending on Φ x , the potential U can exhibit an effective double-well structure (see Fig. 2 (a) ). At Φ x = 1 2 Φ 0 , there exist two global minima separated by roughly 0.655Φ 0 . This implies that coherent tunneling is possible and the wave functions of the eigenstates have finite contributions in both wells. This leads to statements like "the wave function lives in both wells". Given the large separation and the involvement of up to 10 9 Cooper pairs, some physicists have called this a Schrödinger-cat situation. The "classical" regime is at Φ x = 0, as the potential has a (deep) single well with a well-defined flux state as its ground state. While a small anharmonicity is always present, the ground state in this regime behaves like the ground state of an harmonic oscillator if E L , E J E C . For example, the variance of Φ and Q are minimal in the sense that the Heisenberg uncertainty relation is basically tight [25] . Hence, this state is chosen as the reference state as it behaves most classically.
As argued in Refs. [4, 11] , the experimental proof of the coherent superposition of "left and right" is the resolution of the predicted avoided crossing by tuning the imbalance between left and right well (see Fig. 2 (a) ). Since the energy gap is proportional to the tunneling probability, the splitting between the lowest two eigenstates is very tiny for the given energies. Hence the initial ground state is driven to highly excited states just below the barrier. There, the minimal energy gap is pronounced enough to be measurable (see Fig. 2 (b) ).
While the discussion in this paper is adapted to the experiment of Ref. [11] , other experimental setups lead to conceptually similar results. For example, the threejunction setup of van der Wal et al. [12] can be modeled with two independent flux coordinates. A suitable coordinate transform leads to an effective double well potential similar to the one discussed before [26] . Hence, we will find qualitative similar results, which are later given without discussing details. We only mention that a further parameter of the experiment is α, which is the ratio of the Josephson coupling energy of one junction to the other two (identical) junctions. The parameters from Ref. [12] are E J /E C = 38 and α = 0.8.
IV. LARGE QUANTUM COHERENCE IN FLUX QUBITS
In this section, we apply the framework of large quantum coherence to the flux qubit. Following on the discussion in Sec. II, we choose a target state (i.e., the state which is supposed to exhibit large quantum coherence), an observable X for which we evaluate the spread of coherence, and a classical reference state to which we want to compare the target state. From Sec. III, it is evident that eigenstates (e.g., ground states) at Φ x = 1/2Φ 0 are good candidates for "cat states" if we choose X = Φ. The ground state at Φ x = 0 serves as the classical reference state. In Sec. IV A, we take the ground state at Φ x = 1/2Φ 0 as the target state, while in Sec. IV B we numerically analyze the target states of the experiment in Ref. [11] . Since in both cases we treat the ideal situation, the quantum coherence I simplifies to the variance.
A. Effective size of the ideal cat state
We first calculate the variance of the classical reference state. For this, we notice that we are in the regime E L /E C ≈ 7.17×10 4 1, which implies a rather deep potential in the classical situation Φ x = 0. It can be easily shown that the anharmonic part of the potential does not significantly influence the ground state (despite a large E J ). Hence, to obtain an analytical result, we approximate U from Eq. (3) by an harmonic oscillator. From the second-order Taylor series of U at Φ x = 0, we can extract the effective trapping frequency ω cl = ω 1 + 2π 2 E J /E L and find
We now turn to the ground state at Φ x = Φ 0 /2, which is an equally weighted superposition of being in the left and right well. For simplicity, this state is called "cat state" in the following. Since the distance d between the minima is much larger than the spread of the wave packet in one well, we approximate the variance of the cat state by d 2 . In the present parameter regime, d is in the order of Φ 0 with a slight dependency on E C and E J . We numerically find var cat (Φ) ≈ 0.655 2 Φ 2 0 . Together with Eq. (4), we have
In the limit of a dominant Josephson energy
The calculation for the experiment of Ref. [12] is analogous, but gives a fully analytic expression. We find
For both experiments, we note the scaling of the effective size with E J /E C .
B. Effective size of the target states of Ref. [11] We now numerically calculate the effective size of |0 and |1 (see Fig. 2 (a) ) that were targeted in the experiment of Ref. [11] . For this, we first have to numerically diagonalize the Hamiltonian. As detailed in Ref. [27] , one analytically calculates the eigenbasis of the Hamiltonian in the case of E J = 0 (since it reduces to the familiar LC circuit) and then expresses the general H in this basis. With the experimental parameters mentioned in Sec. III, we can diagonalize H with high precision and reasonable cut-off dimensions.
Here, we are interested in the regime around Φ x = [11, 12] . Our method is conceptually closest to the work of Björk and Mana [8] , whose result has to be squared to match ours. Interestingly, we obtain similar numbers as [5] (in the scenario of Sec. IV A) despite the different approach. See Sec. VI and Ref. [24] [5] 3800 -5750 42
a The first number refers to the ideal scenario (Sec. IV A), the second to the implemented protocol (Sec. IV B). b Leggett uses two measures: disconnectivity and extensive difference.
V. CERTIFYING LARGE QUANTUM COHERENCE IN EXPERIMENTS
We now turn to the question of how to certify the presence of large quantum coherence from the experimental data. We first show that the demonstration of an avoided crossing in the energy spectrum is not sufficient to witness wide-spread coherence. To this end we introduce a (a) (b) Figure 3 . Impact of dephasing as a function of the correlation length Γ for the two eigenstates |0 and |1 (see Sec. IV B and Fig. 2 (a) ) at fixed Φx = 1 2 Φ0. (a) The relative quantum coherence I rel drops quickly when increasing the dephasing strength (i.e., decreasing Γ). For Γ ≈ 4 var cl (Φ), one has I rel ≈ 1, that is, the spread of the quantum coherence is at the same order as the classical reference state. (b) Relative difference of the energy gap ∆E under dephasing (∆E0 denotes the energy gap without dephasing). The energy gap ∆E is basically invariant for large Γ. Only for Γ 4 var cl (Φ) the relative difference becomes experimentally relevant. The gray zone highlights the parameter range of Γ where I rel ≤ 1 and 1−∆E/∆E0 ≤ 10 −3 . The yellow circles mark Γ = /(Cω), which is also used in Fig. 2 (b) . The relative difference saturates at around 10 −10 for large Γ because of numerical precision.
specific dephasing model that largely preserves the energy gap but significantly reduces the quantum coherence. Hence, we discuss alternative schemes at the end of the section.
A. Robustness of avoided crossing, fragility of quantum coherence
In this section, we consider a simple dephasing model in the flux basis and discuss its consequences. Suppose that the eigenstates are subject to dephasing
meaning that coherence-elements ρ(Φ, Φ ) are damped by a Gaussian function on a scale Γ (called correlation length in the following). From the discussion in Sec. II it is not surprising that this map reduces the quantum coherence I, which is calculated using the spectral decomposition
(see, e.g., Ref. [21] ). The result for Φ x = 1 2 Φ 0 and variable Γ is presented in Fig. 3 , which shows the fragility of the quantum coherence under flux dephasing. In contrast, the energy gap ∆E (i.e., the difference in the energy expectation value between the dephased eigenstates at Φ x = 1 2 Φ 0 ) is rather stable (see Fig. 3 (b) ). Only for a correlation length Γ /(Cω) (i.e., close to the width of the classical reference state) ∆E deviates significantly from the energy gap between the original eigenstates, denoted by ∆E 0 . Note that the energies of the states are increased by the map (7) . Since this affects all states equally strong (including the ground state), the differences in energies remain basically unchanged.
From these findings, we conclude that the mere observation of an avoided crossing is not sufficient to prove large quantum coherence in the system. We emphasize that this conclusion cannot be found by reducing the flux coordinate to a two-dimensional space (left well/ right well), which is often done in qualitative discussions.
B. Sufficient experimental test
We now discuss the possibility for a sufficient experimental test to certify a minimal quantum coherence I(ρ, Φ). As shown in Ref. [28] , we can employ the following dynamical protocol. For this, we have to be able to implement V t = exp(−iΦt). We first choose a suitable measurement with measurement operators {Π k } for the outcomes {x k }. Then, we measure the probability distributions p k = TrρΠ k and q k = TrV t ρV † t Π k . With this, we calculate the so-called Bhattacharyya coefficient
In essence, inequality Eq. (9) witnesses the response of the system to a dynamical process generated by Φ. High susceptibility implies the presence of large-scale quantum coherence. Using this bound, one finds certified quantum coherence which is (in the cold atom experiment of Ref. [29] , for example) up to 71 larger than that of classical reference states [18] .
As we show now, we can relax the requirements of this protocol. For instance, suppose we are not able to fully control t (i.e., the duration of the unitary), but we only assume that t follows a certain distribution µ(t) with dtµ(t) = 1. Then, the quantum state after the nonunitary dynamics is described by
For example,
leads to an effective dephasing in the Φ basis exactly as modeled in Eq. (7). We redefine q k = TrE(ρ)Π k for the calculation of B. Following Ref. [28] and using the quantum fidelity F , one can show that
where for the last step we used , 31] . Finally, one has to invert inequality (12) to obtain a lower bound on the quantum coherence I. This is generally not analytically possible, but one can find either numerical solutions or approximations. The numerical solution is an optimization problem where one finds the maximal I such that the inequality in Eq. (12) is fulfilled given the data, B, and the model of the dynamics, µ(t). As an example for an analytical approximation, we consider Eq. (11). In the weak dephasing limit (i.e., Γ 2 I), we can safely move the integration limits in the second line of Eq. (12) from ±π/(2 √ I) to ±∞, which allows us to find B exp(−Γ 2 I/2), from which
follows. Recent experiments with flux qubits (e.g., by Knee et al. [32] ) are conceptually and technically very close to the presented framework. A standard way of implementing measurements is based on the Josephson Bifurcation Amplifier [33] [34] [35] , which can be modeled by a dephasing process similar to Eq. (10). This opens the opportunity for witnessing large quantum coherence with flux qubits. Then, the protocol in Ref. [32] , which was employed to falsify so-called macrorealistic theories, is of the same spirit as the procedure presented here, namely to witness the susceptibility of a system with respect to a specific influence. The difference is that here we do need to control the experiment to a certain degree. In particular, the dynamics of Eq. (10) should be well characterized (e.g., Γ in Eq. (11) should be sufficiently known), while assumptions on the initial state ρ and the measurement {Π k } are not necessary.
VI. DISCUSSION AND SUMMARY
In this paper, we proposed to consider the extent of quantum coherence in the flux coordinate as one relevant aspect of the "macroscopic quantum nature" of flux qubits. While the framework of large quantum coherence arguably has an operational meaning in the resource theory of asymmetry [23, 36] and metrology [20, 21] , its interpretation as an "effective size" (i.e., how many Cooper pairs or electrons effectively contribute to the quantum phenomenon) is less clear.
From a mathematical point of view, the framework of large quantum coherence is directly applicable to the SQUID experiments. The choice of observable (here, the flux Φ) and the reference state (ground state of the "classical" regime Φ x = 0) are physically motivated. The scaling of the effective size in the ideal case (Sec. IV A) with E J /E C is interesting as the ratio E J /E C is sometimes argued to be the relevant scale of the experiment [9] .
In this context, it is interesting to compare our results with the analysis by Korsbakken et al. [5, 6] [37] . The authors work with a microscopic model to investigate the effective number of participating Cooper pairs in the cat state. They find numbers around 3800 -5750 for Ref. [11] and 42 for Ref. [12] . Since their results depend on experimentally "difficult" quantities like the Fermi velocity, this work was criticized by Leggett in Ref. [7] where he constructs an "obvious" example of a Schrödinger-cat state that still gives a very low effect size with Korsbakken et al.'s method. Nevertheless, we note that our results (which only depend on the phenomenological model) and the results of Korsbakken et al. are in the same order. It would be interesting to see whether this is pure coincidence or whether there is some underlying connection.
We have shown that the experimental observation of avoided crossing in the energy spectrum is not a conclusive witness for the presence of large-scale quantum coherence. In contrast, the framework of large quantum coherence provides powerful lower bounds that are testable in practice. Here, we extended a recently developed protocol [28] to nonunitary dynamics, which is conceptually and technically close to existing experiments [32] . Note that Eq. (12) is a general way to lower bound the spread of quantum coherence for an observable X. For its successful application, it is necessary to faithfully implement the unitary V t = exp(−itX) in the experiment and to observe the impact by measuring the system before and after its application (on different runs). The control of t can be relaxed to having knowledge about its distribution over many runs, µ(t). In contrast, no knowledge about the measurement is necessary to guarantee the correctness of Eq. (12) .
The presented work gives a first insight that widespread quantum coherence might be present in SQUID experiments. We see our results as a starting point for further investigations. As mentioned before, the microscopical interpretation of I rel is open. Furthermore, one should apply the framework of large quantum coherence to other experiments and parameter regimes, such as E J > E C > E L (i.e., fluxonium) and E J ≈ E L E C (cshunt flux qubit). A well-justified choice of the relevant observable as well as the target and reference state will lead to further insight to meso-and macroscopic quan-tum phenomena.
